We are inspired by the work of Henri Cartan [16], Bourbaki
Filters -Set-Theoretical Approach
From now on X denotes a non empty set, F denotes a filter of X, and S denotes a family of subsets of X.
Let X be a set and S be a family of subsets of X. We say that S is upper if and only if (Def. 1) for every subsets Y 1 , Y 2 of X such that Y 1 ∈ S and Y 1 ⊆ Y 2 holds Y 2 ∈ S.
Let us note that there exists a ∩-closed family of subsets of X which is non empty and there exists a non empty, ∩-closed family of subsets of X which is upper.
Let X be a non empty set. Let us note that there exists a non empty, upper, ∩-closed family of subsets of X which has non empty elements. Now we state the propositions:
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(1) S is a non empty, upper, ∩-closed family of subsets of X with non empty elements if and only if S is a filter of X.
(2) Let us consider non empty sets X 1 , X 2 , a filter F 1 of X 1 , and a filter F 2 of X 2 . Then the set of all f 1 × f 2 where f 1 is an element of F 1 , f 2 is an element of F 2 is a non empty family of subsets of X 1 × X 2 .
Let X be a non empty set. We say that X is ∩-finite closed if and only if (Def. 2) for every finite, non empty subset S 1 of X, S 1 ∈ X.
One can check that there exists a non empty set which is ∩-finite closed. Now we state the proposition:
(3) Let us consider a non empty set X. If X is ∩-finite closed, then X is ∩-closed.
Note that every non empty set which is ∩-finite closed is also ∩-closed.
(4) Let us consider a set X, and a family S of subsets of X. Then S is ∩-closed and X ∈ S if and only if FinMeetCl(S) ⊆ S.
(5) Let us consider a non empty set X, and a non empty subset A of X. Then {B, where B is a subset of X : A ⊆ B} is a filter of X.
Let X be a non empty set. Note that every filter of X is ∩-closed.
(6) Let us consider a set X, and a family B of subsets of X. If B = {X}, then B is upper.
(7) Let us consider a non empty set X, and a filter F of X. Then F = 2 X .
Let X be a non empty set. The functor Filt(X) yielding a non empty set is defined by the term (Def. 3) the set of all F where F is a filter of X.
Let I be a non empty set and M be a (Filt(X))-valued many sorted set indexed by I. The intersection of the family of filters M yielding a filter of X is defined by the term (Def. 4) rng M .
Let F 1 , F 2 be filters of X. We say that F 1 is coarser than F 2 if and only if
One can verify that the predicate is reflexive. We say that F 1 is finer than F 2 if and only if
Observe that the predicate is reflexive. Now we state the propositions:
(8) Let us consider a non empty set X, a filter F of X, and a filter F of X. Suppose F = {X}. Then F is coarser than F .
(9) Let us consider a non empty set X, a non empty set I, a (Filt(X))-valued many sorted set M indexed by I, an element i of I, and a filter F of X. Suppose F = M (i). Then the intersection of the family of filters M is coarser than F .
(10) Let us consider a set X, and a family S of subsets of X. Suppose FinMeetCl(S) has non empty elements. Then S has non empty elements.
(11) Let us consider a non empty set X, a family G of subsets of X, and a filter F of X. Suppose G ⊆ F . Then
(ii) FinMeetCl(G) has non empty elements.
The theorem is a consequence of (4).
Let X be a non empty set, F be a filter of X, and B be a non empty subset of F . We say that B is filter basis if and only if (Def. 7) for every element f of F , there exists an element b of B such that b ⊆ f . Now we state the proposition: (12) Let us consider a non empty set X, a filter F of X, and a non empty subset B of F . Then F is coarser than B if and only if B is filter basis.
Let X be a non empty set and F be a filter of X. Observe that there exists a non empty subset of F which is filter basis.
A generalized basis of F is a filter basis, non empty subset of F . Now we state the proposition: (13) Let us consider a non empty set X. Then every filter of X is a generalized basis of F .
Let X be a set and B be a family of subsets of X. The functor [B] yielding a family of subsets of X is defined by 
Let X be a non empty set, F be a filter of X, and B be a non empty subset of F . The functor # B yielding a non empty family of subsets of X is defined by the term (23) Let us consider a non empty set X, a filter F of X, a generalized basis B of F , a family S of subsets of X, and a subset S 1 of F . Suppose S = S 1 and # B and S are equivalent generators. Then S 1 is a generalized basis of F . The theorem is a consequence of (19) , (21) , and (22) .
(24) Let us consider a non empty set X, a filter F of X, and generalized bases B 1 , B 2 of F . Then # B 1 and # B 2 are equivalent generators. The theorem is a consequence of (21).
Let X be a set and B be a family of subsets of X. We say that B is quasi basis if and only if Let X be a non empty set. Let us note that there exists a non empty family of subsets of X which is quasi basis and there exists a non empty, quasi basis family of subsets of X which has non empty elements.
A filter base of X is a non empty, quasi basis family of subsets of X with non empty elements. Now we state the proposition: Suppose FinMeetCl(G) has non empty elements. Then
is a filter base of X, and
The theorem is a consequence of (4). 
The theorem is a consequence of (21) and (17) . ( 
is a filter base of Y, and
] is a filter of Y, and
. F is a quasi basis, non empty family of subsets of Y by (29) , [35, (123) , (121)]. F has non empty elements by [35, (118) ].
[ (21), [35, (123) ]. Let X, Y be non empty sets, f be a function from X into Y, and F be a filter of X. The image of filter F under f yielding a filter of Y is defined by the term (Def. 13) {M , where M is a subset of Y :
Now we state the propositions: (35) Let us consider non empty sets X, Y, a function f from X into Y, and a filter F of X. Then
The theorem is a consequence of (13) and (34). ( 
is a generalized basis of the image of filter F under f , and
The theorem is a consequence of (34) and (30 [11, (76) , (77)]. (40) Let us consider a non empty set X, a non empty subset A of X, a filter F of A, and a generalized basis B of F . Then
Let L be a non empty relational structure. The functor Tails(L) yielding a non empty family of subsets of L is defined by the term (Def. 14) the set of all ↑i where i is an element of L. Now we state the proposition: (41) Let us consider a non empty, transitive, reflexive relational structure L.
Suppose
Proof: Tails(L) is non empty family of subsets of L and quasi basis and has non empty elements by [6, (22) ]. Let L be a non empty, transitive, reflexive relational structure. Assume Ω L is directed. The functor TailsFilter Proof: For every element p of the carrier of the ordered N, {x, where x is an element of the carrier of the ordered N : p x} = ↑p by [6, (18) ].
Observe that Ω the ordered N is directed and the ordered N is reflexive. Now we state the proposition:
(51) Let us consider a denumerable set X. Then FrechetFilter(X) = the set of all X \ A where A is a finite subset of X.
Let us consider a sequence F of 2 N . Let us assume that for every element x of N, F (x) = {y, where y is an element of N : x y}. Now we state the propositions:
(52) rng F is a generalized basis of FrechetFilter(N).
Proof: FrechetFilter(N) = the set of all N \ A where A is a finite subset of N. For every object t such that t ∈ rng F holds t ∈ FrechetFilter(N). Reconsider F 1 = rng F as a non empty subset of FrechetFilter(N). Let X be a set and x be a subset of X. The functor SubsetToBooleSubset x yielding an element of 2 X ⊆ is defined by the term (Def. 19) x. Now we state the propositions:
(59) Let us consider an infinite set X. Then X ∈ the set of all X \ A where A is a finite subset of X. Let us consider a non empty set X and a non empty subset F of the lattice of subsets of X. Now we state the propositions:
(71) F is a filter of the lattice of subsets of X if and only if for every elements p, q of F , p ∩ q ∈ F and for every element p of F and for every element q of the lattice of subsets of X such that p ⊆ q holds q ∈ F .
(72) F is a filter of the lattice of subsets of X if and only if for every subsets
The theorem is a consequence of (71).
Now we state the propositions:
(73) Let us consider a non empty set X, and a non empty family F of subsets of X. Suppose F is a filter of the lattice of subsets of X. Then F is a filter of 2 X ⊆ . The theorem is a consequence of (71). (74) Let us consider a non empty set X. Then every filter of 2 X ⊆ is a filter of the lattice of subsets of X. The theorem is a consequence of (72).
(75) Let us consider a non empty set X, and a non empty subset F of the lattice of subsets of X. Then F is filter of the lattice of subsets of X and has non empty elements if and only if F is a filter of X. The theorem is a consequence of (72).
(76) Let us consider a non empty set X. Then every proper filter of 2 X ⊆ is a filter of X.
Proof: F has non empty elements by [19, (18) ], [7, (4) ]. (77) Let us consider a non empty topological space T , and a point x of T .
Then the neighborhood system of x is a filter of the carrier of T .
Let T be a non empty topological space and F be a proper filter of 2 Ω T ⊆ . The functor BooleanFilterToFilter(F ) yielding a filter of the carrier of T is defined by the term (Def. 20) F .
Let F 1 be a filter of the carrier of T and F 2 be a proper filter of 2 Ω T ⊆ . We say that F 1 is finer than F 2 if and only if (Def. 21) BooleanFilterToFilter(F 2 ) ⊆ F 1 .
Limit of a Filter
Let T be a non empty topological space and F be a filter of the carrier of T . The functor LimFilter(F ) yielding a subset of T is defined by the term (Def. 22) {x, where x is a point of T : F is finer than the neighborhood system of x}. The theorem is a consequence of (78). Let T be a non empty topological space and F be a filter of 2 Ω T ⊆ . The functor LimFilterB(F ) yielding a subset of T is defined by the term (Def. 25) {x, where x is a point of T : the neighborhood system of x ⊆ F }.
Let us consider a non empty topological space T and a filter F of the carrier of T . Now we state the propositions: Let T be a Hausdorff, non empty topological space and F be a filter of the carrier of T . Note that LimFilter(F ) is trivial.
Let X be a non empty set, T be a non empty topological space, f be a function from X into the carrier of T , and F be a filter of X. The functor lim F f yielding a subset of Ω T is defined by the term Let us consider a non empty topological space T and a point x of T .
(86) The neighborhood system of x is a filter base of Ω T . The theorem is a consequence of (76), (13) , and (29). The theorem is a consequence of (91).
Nets
Let L be a 1-sorted structure and s be a sequence of the carrier of L. The net of s yielding a non empty, strict net structure over L is defined by the term (Def. 29) N, N , s .
Let L be a non empty 1-sorted structure. Let us note that the net of s is non empty. Now we state the proposition: The theorem is a consequence of (96).
